Abstract-Creating a plane wave across an antenna under test is important for accurate antenna measurements. This paper optimizes the location and weightings of an array of line sources in order to approximate a plane wave at a given location in space. The amplitude and phase ripples across a desired test aperture are optimized to be much less than that of a uniform array with the same number of elements. Results are presented for a nine-element array with optimized amplitude and phase weights, with optimized weights and spacing in the -direction, and with optimized weights and spacing in the and directions. The optimized approximate plane wave is a significant improvement over a uniform array or a single line source.
I. INTRODUCTION
A NTENNA measurements in the far field require that the phase and amplitude variations across the antenna under test (AUT) be within specified tolerances. The IEEE standard for nonlow sidelobe antennas requires the separation of the transmit antenna and the AUT (diameter ) to be [1] (1) for a maximum phase error of or , where is the wavelength. The ratio of the maximum field amplitude to the minimum field amplitude across the AUT at a distance prescribed by (1) is approximately (2) In general, (2) is close to one, since , and can be ignored. The amplitude and phase is a constant over any cylinder with a line source antenna at the center point. As the separation between the transmit antenna and the AUT increases, the maximum amplitude and phase deviation across the AUT decreases. Thus, getting far away from the antenna flattens the amplitude and phase fluctuations across the AUT.
If it is impractical to get far enough away from the transmit antenna to satisfy (1) , then some other way is needed to approximate a plane wave in the near field. A common way of generating a near-field plane wave in the near field is the compact range. The compact range reflector is large and immobile. Thus, applications that require moving the plane wave region inside an anechoic chamber or removing the reflector from the chamber need another alternative to the cumbersome compact range. One possibility of generating the plane wave in the near field is to build an array that can project a plane wave at a prescribed distance. Focusing assumes the array concentrates the field at a specific point in space. Antenna focusing has been applied to antenna measurements [2] and medical treatments [3] . Ricardi [4] and Hansen [5] show that the minimum spot size of a uniform array antenna is about 0.35 . This paper presents a method for designing an array that creates an approximate plane wave over a prescribed area at a set distance. Sometimes, particularly for antenna measurements, a constant amplitude and phase must be generated across an AUT. Whereas focusing concentrates the field at a point, plane wave generation attempts to minimize the amplitude and phase deviations across an area. Section II describes the array model used, and the objective function developed from the model. Next, the objective function is optimized for several scenarios at from a nine-element generating array. The optimized array designs do a nice job of approximating a plane wave over the AUT. Increasing the degrees of freedom available to the array designer improves the quality of the generated "plane wave."
II. ARRAY FORMULATION
The model used for plane wave generation in this paper is a linear array of line sources that are infinite in the -direction. The relative radiation pattern of this array in the -plane at is given by (3) where is the zeroth-order Hankel function of the second kind; is ; is ; is the location of element ; is the location of observation point; is the number of elements in the array; and is the amplitude and phase weighting of element .
The field at the AUT is a function of the number of elements, element locations, and element weights.
A nine-element array has the field amplitude and phase as shown in Figs. 1 and 2 . Sidelobes begin to appear in the amplitude response as increases. The 180 degree shift between sidelobes appear as "kinks" in the phase plot in Fig. 2 . In Fig. 2 , the phase is reasonably flat directly in front of the radiating aperture. Hansen states that the power radiated by an antenna is contained in a corrugated tube that has the same diameter as the antenna [6] . This tube extends about from the array. For the nine-element array, .
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Solving this matrix equation (use least squares if ) for the optimum weights results in a "plane wave" with a very flat amplitude and phase. Unfortunately, the "plane wave" occurs in a null of the radiated field. This result is unacceptable, because low power illuminates the AUT and high power illuminates objects surrounding the AUT. Also, the resulting optimal weights are very sensitive to errors.
In order to create an approximate plane wave not in a null of the radiated field, numerical optimization is used to find an array configuration that produces minimal amplitude and phase variations over the AUT at a specified distance. Here, the objective function for minimizing the phase and amplitude of the field oscillations is given by (5) where (6) 8) for points that sample the area of the desired plane wave. The values of , , and are found from (3). compares the maximum phase deviation across the AUT to the maximum phase variation across that same AUT if it were at the distance given by (1) . compares the ratio of the maximum amplitude value to the minimum value across the AUT to the ratio of the maximum amplitude to the minimum amplitude across that same AUT due to a line source. There are physical limitations on how well this objective function approximates a plane wave. The distance between the source array and the AUT as well as the size of the AUT will limit the amplitude and phase deviations. The number of elements and their locations have dramatic effects on the quality of the plane wave. Changing the values of the weighting constants , , and determine the shape of the plane wave and trade off the flatness of the amplitude and the flatness of the phase. Very flat amplitude and phase variations are possible by optimizing with only the first two terms. Unfortunately, the resulting plane wave is in a deep null in the field pattern, as occurred in the direct matrix solution. The third term, , was added to keep the optimal solution out of a null. This term compares the maximum field value of a uniform array to the maximum value of the optimized array. as the number of elements is relatively small, local optimization techniques work well. Some quality factors are needed to judge how well the field generated by the array approximates a plane wave. A quality factor for the phase is given by (9) where is the maximum phase value over the desired interval and is the minimum phase value over the desired interval. Assuming the maximum phase deviation is , then for the desired zero phase deviation, , and for the maximum deviation of , . The width of the plane wave area is kept small enough to limit phase variations to less than . A quality factor for the amplitude is (10) where is the minimum field amplitude over the desired interval and is the maximum field amplitude over the desired interval. When , then , and when there are large amplitude fluctuations, then . A value close to one is desired for both quality factors.
The AUT is 10 wide and is placed at from the transmit array. This distance is about 1/10 the far-field distance of a nine-element uniform array with element spacing of 0. 5 . The field is sampled every across the AUT and the minimum and maximum values of the amplitude and phase are used in (8) and (9) to calculate the quality factors. For comparison, Tables I and II list the quality factors for a single line source and nine-element uniform linear array along the -axis with an element spacing of 0.5 as a function of frequency and . In general, the line source has flatter amplitude at the AUT than the uniform array, while the uniform array has a flatter phase at the AUT than the line source.
The first example optimizes the weights of a nine-element linear array along the -axis with an element spacing of to produce a "plane wave" across an AUT aperture width of 10 at a distance of 20 . The resulting field across the AUT has and . In this case, is better than the uniform array, and is better than the single line source. Fig. 3 shows the optimized amplitude and phase weights for the array, and Figs. 4 and 5 show the amplitude and phase values of the projected field. The optimized field amplitude is an improvement over the uniform array, but the optimized field phase is about the same as that of the uniform array. The quality factors for amplitude and phase are graphed over a 20% bandwidth about the center frequency in Fig. 6 . This plot shows that the optimized weights are reasonably robust over a wide bandwidth.
The quality factors for amplitude and phase are graphed over a 20% bandwidth about the center frequency in Fig. 11 . Again, the optimized field is robust over a 20% bandwidth but is more sensitive to frequency than for the uniformly spaced optimized array.
Adding another degree of freedom, element spacing in the -direction, produces the optimized element weights and spacings shown in Figs. 7 and 8. The projected plane wave across the AUT at a distance of 20 has and . Both and is better than the uniform array. Figs. 9 and 10 show the amplitude and phase values of the projected field at the AUT. Optimizing the element spacing produces a significant improvement to the quality of the "plane wave." The quality factors for amplitude and phase are graphed over a 20% bandwidth about the center frequency in Fig. 11 . Again, the optimized field is robust over a 20% bandwidth but is more sensitive to frequency than for the uniformly spaced optimized array.
Optimizing the weights and element spacings in the -and -directions produces the element weights and spacings shown in Figs. 12 and 13 . At , the projected plane wave has and . These efficiencies are better than those of a uniform array. Figs. 14 and 15 show the amplitude and phase values of the projected field. The optimized field amplitude is an improvement over the uniform array, but the opti- mized field phase is about the same as that of the uniform array. The quality factors for amplitude and phase are graphed over a 20% bandwidth about the center frequency in Fig. 16 . This plot shows that the and are more sensitive to frequency 
IV. CONCLUSION
Creating an approximate plane wave across a test AUT is best done by sufficiently separating the source antenna and the antenna under test. If this distance is not reasonable for the testing situation, then some alternatives exist to approximate a plane wave with an array. Optimizing the amplitude and phase tapers of a linear array with equal element spacing offers some improvement to the projected plane wave close to the source array, but offers no improvement over a uniform array far from the source array. Optimizing the element locations as well as the amplitude and phase tapers provides significant improvement to the projected plane wave at close and far distances. Tradeoffs exist in the ripples in the phase and the ripples in the amplitude of the projected plane wave. Adjusting the -location of the elements improves the quality of the projected "plane wave," but makes the array configuration more sensitive. Since out of plane elements would produce some blockage of the elements in the rear, adjusting the -spacing of the elements is the recommended procedure and the most practical to implement.
